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PRIME TORSION IN THE BRAUER GROUP OF AN ELLIPTIC CURVE
CHARLOTTE URE
Abstract. We determine generators and relations in the d-torsion of the Brauer group of an elliptic curve,
provided that the d-torsion of the elliptic curve itself is rational over the base field, for any integer d ≥ 2.
For q any odd prime, we further give an algorithm to explicitly calculate generators and relations of the q-
torsion of the Brauer group of an elliptic curve over any base field of characteristic different from two, three,
and q, containing a primitive q-th root of unity. These generators are symbol algebras and the relations
arise as their tensor products. We deduce an upper bound on the symbol length of the prime torsion of
Br(E)/Br(k).
1. Introduction
Let k be a field of characteristic different from 2 or 3. By an elliptic curve E over k we mean a smooth
curve of genus one together with a specified base point 0. These curves are described by equations
y2z = x3 +Axz2 + Bz3,
with A,B ∈ k×. The Brauer group of E, Br(E), is an important invariant of the elliptic curve and has appli-
cations in both arithmetic and algebraic geometry. In a famous construction, Artin and Mumford used the
Brauer group of the function field of P2 to give a counterexample to the Lu¨roth problem; they constructed
a complex unirational 3-fold which is not rational [AM72]. Furthermore, Manin described an obstruction to
the Hasse principle for varieties that lies in the Brauer group [Man71, Sko99]. There has been an ongoing
effort to gain a better understanding of the Brauer group.
The goal of this paper is an explicit description of Br(E). Note that the Brauer group of E is naturally
isomorphic to the unramified Brauer group of k(E), the function field of E [CTS07, Gab98]. Furthermore,
Br(E) is a torsion abelian group and therefore it will suffice to study its prime power torsion subgroups.
Fix an integer d ≥ 2, coprime to the characteristic of k, and suppose that k contains a primitive d-th root
of unity ρ. Some well-understood elements in the d-torsion of Br k(E) are symbol (or cyclic) algebras, a
generalization of quaternion algebras. These are k(E)-algebras with two generators x and y subject to the
relations xd = a, yd = b, and xy = ρyx for some a, b ∈ k(E)×. The Merkurjev-Suslin theorem [MeS82]
implies that every element in the d-torsion of the Brauer group of E, dBr(E), can be described as a tensor
product of these symbol algebras over k(E). We aim to describe a complete set of generators and relations
of dBr(E) in terms of these products.
The initial theory for the techniques used in the case d = 2 was developed in [GY98] and [Pum98]. This
case was investigated in [GMY97] and [CG01]. In the present paper, we give generators and relations of
dBr(E) in the following cases:
• Any d coprime to the characteristic of k, assuming that k contains a primitive d-th root of unity and
that the d-torsion of E(k) is k-rational (see theorem 1.1).
• d = q, an odd prime coprime to the characteristic of k, assuming only that k contains a primitive
q-th root of unity (see section 2).
The abstract methods we use were developed in [Sko01, Chapter 4]. We describe elements in the d-torsion
of the Brauer group as a cup-product of certain torsors over E under the d-torsion of E(k). There is an
ongoing effort to calculate e´tale cup-products explicitly (see for example [PR11] and [AR16]). In this paper,
we overcome this difficulty by calculating the cup product at the generic point and using results from Galois
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cohomology. We will now discuss our methods in some detail.
Consider the Hochschild-Serre spectral sequence Hi
(
k,Hj
(
E,Gm
)) ⇒ Hi+j (E,Gm) . The d-torsion of
its sequence of low degree terms is
0 // dBr(k)
i //
dBr(E)
r //
d
H1
(
k,E
(
k
))
// 0 ,(1)
where the first map sends the class of a central simple algebra A to the class of A⊗k(E) under the canonical
map E → Spec k(E). For more details on this sequence, see also [Fad56] and [Lic69]. We will discuss the
second map in more detail in section 4. Denote the zero-section of E by s : Spec(k) → E. Sequence (1) is
split on the left by the induced map s∗ : Br(E)→ Br(k). Thus the d-torsion of the Brauer group decomposes
as
dBr(E) = dBr(E)⊕ dH1
(
k,E
(
k
))
.
Hence, in order to calculate dBr(E) it is sufficient to describe a split to r in sequence (1). To that end,
consider the Kummer sequence
0 // M // E(k)
[d] // E(k) // 0 ,
where [d] denotes multiplication by d on the elliptic curve and M is the full d-torsion of E. This induces a
short exact sequence on group cohomohology
0 // E(k)/[d]E(k)
δ // H1(k,M)
λ //
d
H1
(
k,E(k)
)
// 0 .(2)
We want to relate the sequences (1) and (2). Define ǫ : H1(k,M)→ dBr(E) as the following composition
(3) ǫ :


H1(k,M)
∼ // H1e´tale (Spec(k),M)
p∗ // H1e´tale (E,M)
−∪[T ] // H2e´tale (E,M ⊗M) e // H2e´tale (E, µd) // dBr(E) ,
where
• p : E → Spec k is the structure map,
• T is the torsor given by multiplication by d on E, and
• e is the map induced by the Weil-pairing.
In [Sko01, Chapter 4], the author proves, using abstract methods, that ǫ induces a split of squence (1). We
reprove this result using explicit methods and compute ǫ in terms of group cohomology. We use this explicit
description to give generators and a complete set of relations of dBr(E) under the assumption that M is
k-rational. Here is our first result.
Theorem 1.1. Suppose that the d-torsion M of E is k-rational and fix two generators P and Q of M .
Denote by 0 the identity of the group law on E. Let tP , tQ ∈ k(E) with divisors div(tP ) = d(P ) − d(0) and
div(tQ) = d(Q)− d(0) so that tP ◦ [d], tQ ◦ [d] ∈ (k(E)×)d. Then the d-torsion of Br(E) decomposes as
dBr(E) = dBr(k)⊕ I
and every element in I can be represented as a tensor product
(a, tP )d,k(E) ⊗ (b, tQ)d,k(E)
with a, b ∈ k×. Such a tensor product is trivial if and only if it is similar to one of the following
• (tQ(P ), tP )d,k(E) ⊗
(
tP (P+Q)
tP (Q)
, tQ
)
d,k(E)
,
•
(
tQ(P+Q)
tQ(P )
, tP
)
d,k(E)
⊗ (tP (Q), tQ)d,k(E), or
• (tQ(R), tP (R))d,k(E) for some R ∈ E(k), R 6= 0, P,Q.
In addition to recovering the generators of dBr(E) as calculated in [CRR16, Remark 6.3], we give a full
set of relations of the group. For the proof of theorem 1.1 see section 4.
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The main result of this paper is the algorithm given in section 2. Let q be an odd prime coprime to the
characteristic of k. The algorithm can be used to determine a complete set of generators and relations of
the q-torsion of Br(E) over an arbitrary field k containing a primitive q-th root of unity. This algorithm is
proved in section 5. The main idea of the proof is the following: Let L be the smallest Galois extension of k
so that the q-torsionM of E is L-rational. Use theorem 1.1 to describe the Brauer group of E×Speck SpecL.
Note that the order of L over k divides the order of SL2 (Fq), which is q(q−1)(q+1). If q does not divide the
order of L over k, we use the fact that restriction followed by corestriction is an isomorphism to determine
generators and relations of Br(E). If the order of L over k equals q, we apply the inflation restriction exact
sequence to our problem. Finally, if q divides the order of Br(E), we combine the two previous cases.
A direct consequence of the algorithm is the following corollary on the symbol length.
Corollary 1.2. Let q be an odd prime coprime to the characteristic of k and assume that k contains a
primitive q-th root of unity. For any elliptic curve E over k, the q-torsion of the Brauer group decomposes
as qBr(E) = qBr(k)⊕I and every element in I can be written as a tensor product of at most nq = 2(q−1)(q+1)
symbol algebras over k(E). This means that the symbol length in qBr(E)/ qBr(k) is at most nq.
Finally, we calculate multiple examples in section 6. For further examples, see also [Ure19].
Notation. Throughout this paper, k denotes a base field of characteristic different from 2 and 3 and E is
an elliptic curve over k. We denote the addition on E by ⊕ and the point at infinity by 0. Let d ≥ 2 be an
integer coprime to the characteristic of k so that k contains a primitive d-th root of unity. M denotes the
d-torsion of E, and [d] the multiplication by d-map on E. P and Q will always be generators of M and e(., .)
the Weil-pairing on E with e(P,Q) = ρ. Fix an isomorphism [.]ρ : µd → Z/dZ with
[
ρi
]
ρ
= i. Furthermore,
identify Z/dZ with the subset {0, . . . , d−1} of the integers and denote the image of ρi under the composition
by
[
ρi
]Z
ρ
= i ∈ Z. When we assume that d is an odd prime q, we write d = q.
For a field F , denote an algebraic closure by F and its absolute Galois group by GF . Furthermore,
Hi(F,A) = Hi(GF , A) is the i-th (profinite) group cohomology group of GF with coefficients in a GF -
module A. res, cor, and inf denote the restriction, the corestriction, and the inflation map, respectively.
Acknowledgements. I would like to thank my advisor Rajesh Kulkarni, for his expertise and support
throughout the process of writing this paper. I also thank Igor Rapinchuk for helpful conversations and
Alexei N. Skorobogatov for a useful correspondence. I thank David Saltman and Adam Chapman for
comments on an earlier draft of this article.
2. The Algorithm
Let k be a field of characteristic different from 2 or 3 and let q be an odd prime. Assume that q is coprime
to the characteristic of k and that k contains a primitive q-th root of unity. Let E be an elliptic curve over
k. Denote by M the q torsion of E(k). The Brauer group of E decomposes as
qBr(E) = qBr(k)⊕ I
and generators G and relations R of I can be calculated using the following algorithm.
(1) Determine the kernel of the natural Galois representation
Ψ : Gk → GL2 (Fq) .
Since k contains a primitive q-th root of unity, the image of Ψ lies in SL2(Fq) (for more details see
section 5). Denote by L the fixed field of this kernel.
(2) (a) If q divides the order of L/k, fix some intermediate field L′ so that L/L′ is a Galois extension
of degree q. Let P and Q be elements in M so that Gal(L/L′) is generated by σ with σ(P ) = P
and σ(Q) = P ⊕Q. Set
GL′ =
{
(lq, nQ)L′(E) , (a, tP )L′(E) : a ∈ L′×
}
,
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where tP ∈ L′(E) with div(tP ) = q(P ) − q(0) and nQ ∈ L′(E) with div(nQ) =
∑q−1
i=0 σ
i(Q) =∑q−1
i=0 (iP+Q). Furthermore, let tQ ∈ L(E) with div(tQ) = q(Q)−q(0) and nqQ = NL(E)/k(E)(tQ).
(b) Else fix generators P and Q of M . Set
GL′ =
{
(a, tP )L(E) , (b, tQ)L(E) : a, b ∈ L×
}
,
where tP , tQ ∈ L(E) with div(tP ) = q(P )− q(0) and div(tQ) = q(Q)− q(0).
(3) Set
RL =
{
(tQ(P ), tP )L(E) ⊗
(
tP (P ⊕Q)
tP (Q)
, tQ
)
L(E)
,
(
tQ(P ⊕Q)
tQ(P )
, tP
)
L(E)
⊗ (tP (Q), tQ)L(E)
}
∪
{
(tQ(R), tP )L(E) ⊗ (tP (R), tQ)L(E) : R ∈ E(L), R 6= 0, P,Q
}
.
(a) If q divides the order of L/k let
RL′,res =
{
(a, tP )L′(E) : res(a, tP )L′(E) ∈ RL
}
.
Further, if the quotient E(k)∩[q]E(L)[q]E(k) is not trivial let
RL′,inf =
{
(lq, nQ)L′(E)
}
.
Otherwise, let RL′,inf = ∅. Set RL′ = RL′,res ∪RL′,inf .
(b) Else let L = L′ and RL′ = RL.
(4) Set
G = {cor(A) : A ∈ GL′}
and
R = {cor(A) : A ∈ RL′} .
Note that there are additional relations that may arise from the fact that the corestriction map is not
injective. These relations require a more careful treatment. See for example section 6.2.
Remark 2.1. We assume that the characteristic of k is different form 2 or 3 for simplicity of the presentation
of the elliptic curves and its torsion subgroups. The general results still hold in characteristic equal to 2 or
3.
3. Background
Let E be an elliptic curve defined over a field k of characteristic different from 2 and 3 described by the
affine equation
y2 = x3 +Ax+B
with A,B ∈ k. Denote the point addition on E(k) by ⊕, the point subtraction by ⊖, and the point at infinity
by 0. Furthermore, for any natural number we denote by [d] the multiplication by d map on E(k).
We now proceed to describe the correspondence between torsors and elements in the first cohomology
group. For more details we refer the reader to [Sko01]. Let A be an algebraic group defined over a field
F . An F -torsor under A is a non-empty F -variety T equipped with a right-action of A so that T (F ) is a
principal homogeneous space under A(F ). There is a bijection
H1(F,A)↔
{
F -torsors under A
up to isomorphism
}
that is explicitly given as follows. Let T be an F -torsor under A. Choose an F -point x0 of T . By the
definition of F -torsor, for any σ ∈ GF , there exists a unique aσ ∈ A(F ) so that σ(x0) = x0.aσ. The map
σ 7→ aσ defines the cocycle in H1(F,A) corresponding to T . Now consider the more general case, where
X is an abelian variety over a field k. An X-torsor under an X-group scheme A is a scheme T over X
together with an A-action compatible with the projection to X that is e´tale-locally trivial. As before, there
is a one-to-one correspondence between X-torsors under A and elements of the e´tale cohomology H1e´t(X,A).
A d-covering of an abelian variety X is a pair (T , ψ), where T is a k-torsor under X and ψ : T → X is a
morphism such that ψ(x.t) = dx + ψ(t) for any t ∈ T (k), x ∈ X(k). By [Sko01, Proposition 3.3.4 (a)], any
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d-covering is an X-torsor under the d-torsion dX .
In the following, we describe the correspondence between the Brauer group and the second cohomology
group. Let F be a field and let d ≥ 2 be an integer. We say that two central simple algebras A and B are
Morita equivalent if there exist some natural numbers n and m so that A ⊗Mn(F ) and B ⊗Mm(F ) are
isomorphic as F -algebras. Elements in the Brauer group are given by equivalence classes of central simple
algebras modulo Morita equivalence and the group structure is given by the tensor product. There is a group
isomorphism between Br(F ) and H2(F, F
×
) that can be described as follows. Let K/F be a finite Galois
extension with Galois group G and let f be a cocycle representing an element in H2(G,K×). Consider the
F -vector space A = F 〈xg : g ∈ G〉 with multiplication λxg = xgg(a) and xgxh = f(g, h)xgh. This turns A
into a finite dimensional central simple algebra over F .
From now on suppose that the field F contains a primitive d-th root of unity ρ. Fix an isomorphism
[.]ρ : µd → Z/dZ with
[
ρi
]
ρ
= i. Furthermore, identify Z/dZ with the subset {0, . . . , d − 1} of the integers
and denote the image of ρi under the composition by
[
ρi
]Z
ρ
= i ∈ Z. For a, b ∈ F×, the symbol algebra
(4) (a, b)d,F = (a, b)d,F,ρ := F
〈
x, y : xd = a, yd = b, xy = ρyx
〉
is a central simple algebra over F . The element in H2(F, F
×
) corresponding to (a, b)d,F,ρ can be represented
by the cocycle
(5) (γ, τ) 7→


a if
[
γ( d
√
a)
d
√
a
]Z
ρ
+
[
τ( d
√
b)
d√b
]Z
ρ
≥ d
1 else
.
For more details we refer the reader to [Rei03, Chapter 7 §29]. The following cocycle representing the symbol
algebra (a, b)d,F will prove more useful for our purposes.
Proposition 3.1. Let M be the d-torsion of an elliptic curve E over k with generators P and Q. Assume
that the Weil-pairing satisfies e(P,Q) = ρ. Let F be a field containing a primitive d-th root of unity ρ. The
symbol algebra (a, b)d,F can be represented by the cocycle
(γ, τ) 7→ e

γ ( d√a)
( d
√
a)
P,
γ
(
d
√
b
)
(
d
√
b
) Q


−1
for every pair a, b ∈ F×. We will often consider the case F = k(E).
Proof. Consider the map
g : γ → d√a
[
γ( d
√
b)
( d
√
b)
]
Z
ρ .
The differential of g is
dg(γ, τ) = γ

 d√a
[
τ( d
√
b)
( d
√
b)
]
Z
ρ

 d√a
[
γ( d
√
b)
( d
√
b)
]
Z
ρ d
√
a
−
[
γτ( d
√
b)
( d
√
b)
]
Z
ρ
=


a e
(
γ( d
√
a)
( d
√
a)
P,
γ( d
√
b)
( d
√
b)
Q
)
if
[
γ( d
√
a)
d
√
a
]Z
ρ
+
[
τ( d
√
b)
d√
b
]Z
ρ
≥ d
e
(
γ( d
√
a)
( d
√
a)
P,
γ( d
√
b)
( d
√
b)
Q
)
else
Subtracting this trivial cocycle from the cocycle in eq. (5) gives the desired result. 
4. M is k-rational
Let k be a field of characteristic different from 2 or 3. Let d ≥ 2 be an integer coprime to the characteristic
of k. Assume additionally that k contains a primitive d-th root of unity ρ. Fix an isomorphism [.]ρ : µd →
Z/dZ with
[
ρi
]
= i. Furthermore, for ρi ∈ µd, let
[
ρi
]Z
ρ
= i ∈ {0, . . . , d− 1} ⊂ Z. Let E be an elliptic
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curve over k and denote its d-torsion by M . Assume throughout this section that M is k-rational. Fix two
generators P and Q of M . Denote by e(., .) the Weil pairing and assume that e(P,Q) = ρ. Let tP , tQ ∈ k(E)
with div(tP ) = d(P ) − d(0) and div(tQ) = d(Q) − d(0). We may assume that tP , tQ ∈ k(E) since their
divisors are invariant under the Galois action of Gk. Let T be the torsor given by multiplication by d on E.
Proposition 4.1. The pull-back η∗ (T ) along the generic point η : Spec k(E)→ E corresponds to the element
in H1 (k(E),M) given by the cocycle
γ 7→
[
γ (αQ)
αQ
]
ρ
P −
[
γ (αP )
αP
]
ρ
Q,
where αP , αQ ∈ k(E) with αdP = tP and αdQ = tQ.
Proof. For the correspondence between torsors and elements in the first cohomology group see section 3. Let
P ′ ∈ E(k) so that [d]P ′ = P . Then there is some gP ∈ k(E) with
div (gP ) = [d]
∗(P )− [d]∗(0) =
∑
R∈M
((P ′ ⊕R)− (R)) .
Note that we may choose gP ∈ k(E) since the divisor is invariant under the action of the absolute Galois
group of k. Now div
(
gdP
)
= div ([d]∗tP ) and thus we may assume that gdP = [d]
∗tP . Similarly we find
gQ ∈ k(E) with gdQ = [d]∗tQ.
Now consider the pullback of the torsor T along the generic point η : Spec k(E)→ Spec k. Fix a k(E)-point
x0 of this pullback, i.e. a map of algebras so that x0 ◦ [d]∗ = ι, where ι : k(E)→ k(E) is the inclusion. This
means, that the following diagramms commute
Spec k(E)
η //
[d]

E
[d]

Spec k(E)
88qqqqqqqqqq
// Spec k(E)
η // E
k(E)
x0
||②②
②②
②②
②②
k(E) k(E)
[d]∗
OO
ι
oo
After possibly renaming αP and αQ, we may assume that x0 (gP ) = αP and x0 (gQ) = αQ. There is a group
isomorphism
M → Gal (k(E)/[d]∗k(E)) : R 7→ τ∗R,
where τR : E → E is the translation by R-map; τR : E → E : S 7→ S ⊕ R. By the definition of the
Weil-pairing e(R,P ) = gP (X⊕S)gP (X) =
τ∗S(X)
gP (X)
, for any R ∈M , X ∈ E(k) any point so that gP (X) and gP (X⊕S)
are defined. The analogous result holds for gQ as well. Finally, we calculate
x0 ◦ τ∗[ γ(αQ)
αQ
]
ρ
P−
[
γ(αP )
αP
]
ρ
Q
(gP ) = x0
(
e
([
γ(αQ)
αQ
]
ρ
P −
[
γ(αP )
αP
]
ρ
Q,P
)
gP
)
= x0
(
e
(
−
[
γ(αP )
αP
]
ρ
Q,P
)
gP
)
= x0
(
γ(αP )
αP
gP
)
= γ(αP )
and similarly
x0 ◦ τ∗[ γ(αQ)
αQ
]
ρ
P−
[
γ(αP )
αP
]
ρ
Q
(gQ) = γ(αQ).
The statement follows since k(E)/[d]∗k(E) is generated by gP and gQ. 
Recall that ǫ is the composition
ǫ :
H1(k,M)
∼ // H1e´t (Spec(k),M)
p∗ // H1e´t(E,M)
−∪[T ] // H2e´t(E,M ⊗M) e // H2e´t (E, µd) // dBr(E) .
PRIME TORSION IN THE BRAUER GROUP OF AN ELLIPTIC CURVE 7
In [Sko01, Theorem 4.1.1 and the following example], the author proves abstractly that ǫ induces a split
to eq. (1) using general properties of torsors and the cup-product. We will now determine ǫ explicitly and
prove directly that the map induces the desired split.
Proposition 4.2. On the level of cocycles ǫ coincides with the map that assigns to a 1-cocycle f : Gk →M
the 2-cocycle
ǫ(f) : Gk(E) ×Gk(E) → k(E)
×
(γ, τ) 7→ e
(
f(γ), γ
([
τ(αQ)
αQ
]
ρ
P −
[
τ(αP )
αP
]
ρ
Q
))
.
Proof. The cup-product commutes with η∗ by [Bre97, Chapter 2, 8.2]. Consider the following diagram with
commutative squares
H1(k,M)
p∗ // H1e´t(E,M)
η∗

−∪[T ] // H2e´t(E,M ⊗M) e∼ //
η∗

H2e´t(E, µd)

H1e´t(k(E),M)
−∪[η∗T ] // H2e´t(k(E),M ⊗M) e∼ // dBr k(E)
The statement follows from proposition 5.1 and by the definition of the cup-product in group cohomology
[Ser79, Chapter VIII, Section 3]. Recall that by [CTS07, Theorem 5.11] the map on the right is given by the
injection that identifies Br(E) with the unramified Brauer group of k(E). 
We are now ready to calculate a set of generators of dBr(E). Since we assume that M is k-rational,
Kummer theory implies that there is an isomorphism
φ : k×/(k×)d × k×/(k×)d → H1(k,M) : (a, b) 7→ ca,b,(6)
where ca,b can be represented by the cocycle
Gk →M : γ 7→
[
γ ( d
√
a)
d
√
a
]
ρ
P ⊕

γ
(
d
√
b
)
d
√
b


ρ
Q.
Proposition 4.3. The cocycle ǫ ◦ φ(a, b) corresponds to the Brauer class of
(a, tP )d,k(E) ⊗ (b, tQ)d,k(E)
for any (a, b) ∈ k×/(k×)d × k×/(k×)d.
Proof. Observe that ǫk ◦ φ(a, b) can be represented by the cocycle that takes (γ, τ) ∈ Gk(E) ×Gk(E) to
e

[γ ( d√a)
d
√
a
]
ρ
P ⊕

γ
(
d
√
b
)
d
√
b


ρ
Q,
[
τ(αQ)
αQ
]
ρ
P −
[
τ(αP )
αP
]
ρ
Q


=e
([
γ ( d
√
a)
d
√
a
]
ρ
P,
[
τ(αP )
αP
]
ρ
Q
)−1
e



γ
(
d
√
b
)
d
√
b


ρ
Q,
[
τ(αQ)
αQ
]
ρ
P

 .
The statement follows from proposition 3.1. 
Recall that we need to prove that ǫ induces a split to the sequence (1) on the right, i.e. we need to show
that r ◦ ǫ = λ and ǫ(ker(λ)) = 0. We first describe r explicitly. For more details see also [Fad56] or [Lic69].
Let α ∈ Br(E) ⊂ Br k(E). Using Tsen’s theorem we view α as an element in H2 (Gk, k(E)×) ∼= Br k(E).
Consider the exact sequence
0→ k(E)× → Prin(E)→ Div(E)→ 0,
where Prin(E) denotes the set of pricipal divisors on E and Div(E) the set of divisors on E. The sequence
induced on group cohomology is
H2(Gk, k(E)
×)→ H2(Gk,Prin(E))→ H2(Gk,Div(E)),
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where the first map takes α to some α′ in the kernel of the second map. Now consider the degree sequence
0→ Div0(E)→ Div(E)→ Z→ 0,
where Div0(E) is the group of degree zero divisors. Since H1(Gk,Z) = 0, the map
H2(Gk,Div
0(E))→ H2(Gk,Div(E))
is injective. Finally, the exact sequence
0→ Prin(E)→ Div0(E)→ E(k)→ 0
induces an exact sequence
1→ H1(Gk, E(k))→ H2(Gk,Prin(E))→ H2(Gk,Div0(E)).
The element α′ is in the kernel of the second map, and therefore there exists a unique α′′ ∈ H1(Gk, E(k))
with image α′. Set r(α) = α′′.
Proposition 4.4. r ◦ ǫ = λ.
Proof. We will only prove that r ◦ ǫ◦φ(a, 1) = λ◦φ(a, 1). The other cases are similar. We showed previously
that ǫ ◦ φ(a, 1) = (a, tP )d,k(E), which corresponds to the cocycle
(γ, τ) 7→

1
[
γ( d
√
a)
d
√
a
]Z
ρ
+
[
τ( d
√
a)
d
√
a
]Z
ρ
< d
tP else
in H2(Gk, k(E)
×). This gives an element in H2(Gk,Prin(E)) via
(γ, τ) 7→

1
[
γ( d
√
a)
d
√
a
]Z
ρ
+
[
τ( d
√
a)
d
√
a
]Z
ρ
< d
d(P )− d(0) else
.
On the other hand for any γ ∈ Gk
λ(φ(a, 1))(γ) = φ(a, 1)(γ) =
[
γ( d
√
a)
d
√
a
]Z
ρ
P.
Now we follow the proof of the snake lemma to calculate the image of λ(f) under the connecting homomor-
phism
H1(k,E(k))→ H2(k,Prin(E))
induced by the sequence
0→ k(E)× → Prin(E)→ Div(E)→ 0.
First lift it to
γ 7→
[
γ( d
√
a)
d
√
a
]Z
ρ
((P )− (0)) ∈ Div0(E).
Now use the boundary map to get
(γ, τ) 7→γ
([
τ( d
√
a)
d
√
a
]Z
ρ
((P )− (0))
)
−
[
γτ( d
√
a)
d
√
a
]Z
ρ
((P )− (0)) +
[
τ( d
√
a)
d
√
a
]Z
ρ
((P )− (0))
=
[
τ( d
√
a)
d
√
a
]Z
ρ
((P )− (0))−
[
γτ( d
√
a)
d
√
a
]Z
ρ
((P )− (0)) +
[
τ( d
√
a)
d
√
a
]Z
ρ
((P )− (0))
=

d(P )− d(0) if
[
γ( d
√
a)
d
√
a
]Z
ρ
+
[
τ( d
√
a)
d
√
a
]Z
ρ
≥ d
1 else
,
which coincides with what we previously calculated. The statement follows. 
Proposition 4.5. ǫ (ker(λ)) = 0.
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Proof. Recall that ker(λ) = Im(δ) and let R ∈ E(k). By the previous proposition r ◦ ǫ ◦ δ(R) = λ ◦ δ(R)
is trivial. Thus the algebra ǫ ◦ δ(R) is in the image of the Br(k) → Br(E). It remains to show that the
specialization of ǫ ◦ δ(R) at 0 is trivial. The cup-product commutes with specialization at a closed point
[Bre97, Chapter 2, 8.2], i.e. ([T ′] ∪ [T ])S = ([T ′])S ∪ ([T ])S for every S ∈ E(k) and every [T ′] ∈ H1e´t(E,M).
By definition of ǫ
(ǫ ◦ δ(R))S = (ǫ ◦ δ(R))S = δ(R) ∪ TS ∈ Br(k)
for any S ∈ E(k). In particular, (ǫ ◦ δ(R))0 = δ(R) ∪ T0. The specialization of T at 0 admits a point (the
point 0) and is therefore the trivial torsor. We deduce that (ǫ ◦ δ(R))0 is trivial and thus so is ǫ ◦ δ(R). 
We conclude that under the above assumptions, the d-torsion of Br(E) decomposes as
dBr(E) = dBr(k)⊕ I
and every element in I can be represented as a tensor product
(a, tP )d,k(E) ⊗ (b, tQ)d,k(E)
with a, b ∈ k×. We now proceed to determine the relations in I. Recall that that an element in I as before
is trivial if and only if it is in the image of the composition
E(k)/[d]E(k)
δ // H1(k,M)
ǫ //
dBr(k) .
We first need to describe the image of φ−1 ◦ δ explicitly, where φ is the isomorphism from eq. (6).
Proposition 4.6. Let R ∈ E(k)/[d]E(k) and let tP , tQ ∈ k(E) with div(tP ) = d(P ) − d(0), div(tQ) =
d(Q)− d(0). Assume that tP ◦ [d], tQ ◦ [d] ∈ (k(E)×)d. Then
φ−1 ◦ δ(R) =


(1, 1) R = 0(
tQ(P ),
tP (P⊕Q)
tP (Q)
)
R = P(
tQ(P⊕Q)
tQ(P )
, tP (Q)
)
R = Q
(tQ(R), tP (R)) else
The proof of this proposition is inspired by a computation of the Kummer pairing in [Sil09, Ch. X,
Theorem 1.1].
Proof. Let R ∈ E(k)/dE(k) and suppose that R 6= 0, P,Q. Fix some S ∈ E(k) with [d]S = R. Let tP , tQ
as above and fix gP , gQ ∈ k(E) with gdP = tP ◦ [d] and gdQ = tQ ◦ [d]. Since the divisors of gP and gQ are
Gk-invariant, we may choose gP , gQ ∈ k(E). By the definition of φ we see that φ(f) = (a, b) for some cocycle
f representing a class in H1(k,M) means exactly that e (f(γ), P ) =
γ( d
√
b)
d√
b
and e (f(γ), Q) =
γ( d
√
a)
d
√
a
. The
Weil pairing satisfies
e(γ(S)⊖ S, P ) = gP (γ(S)⊖ S ⊕ S)
gP (S)
=
gP (γ(S))
gP (S)
=
γ(gP (S))
gP (S)
.
Additionally by definition of gP , we see that gP (S)
d = tP ◦ [d](S) = tP (R). A similar result holds for Q as
well. Therefore φ−1 ◦ δ(R) = (tQ(R), tP (R)). The other results follow by linearity of the Weil pairing. 
Summarizing these results we conclude theorem 1.1.
5. M is not k-rational
Now let k be any field and assume that d = q is an odd prime coprime to the characteristic of k. Assume
that k contains a primitive q-th root of unity ρ. Let E be an elliptic curve over k and denote its q-torsion
by M . We do not assume that M is k-rational throughout this section. Consider the Galois representation
Ψ : Gk → GL2(Fq)
given by the action of Gk on M and denote the fixed field of its kernel by L. Since k contains a primitive
q-th root of unity ρ, the image of Ψ lies in SL2(Fq). For σ ∈ Gk with Ψ(σ) =
(
a b
c d
)
, we have that
ρ = σ(ρ) = σ e(P,Q) = e (σ(P ), σ(Q)) = e (aP + cQ, bP + dQ) = e(P,Q)ad−bc = ρad−bc.
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Therefore ad− bc = 1 and Ψ(σ) ∈ SL2(Fq).
Consider the tower of field extensions
k(E)
L(E)
M
rr
rr
rr
rr
rr Gal(L/k)
■■
■■
■■
■■
■
[q]∗L(E)
Gal(L/k)
▲▲
▲▲
▲▲
▲▲
▲▲
k(E)
✉✉
✉✉
✉✉
✉✉
✉
[q]∗k(E)
Fix a set G˜L/k ⊂ Gk(E) of coset representatives of Gk(E)/GL(E) ∼= Gal(L/k). Note that G˜L/k is also a set of
coset representatives of G[q]∗k(E)/G[q]∗L(E) ∼= Gal(L/k) and every σ˜ ∈ G˜L/k fixes k(E). Let γ ∈ G[q]∗k(E),
then γ decomposes as γ = γ′σ˜ for some γ′ ∈ G[q]∗L(E) and some σ˜ ∈ G˜L/k.
Let T be the torsor given by multiplication by q on E. Fix a set of coset representatives G˜L/k as before. We
now describe the cocycle corresponding to the pullback of T along the generic point using the correspondence
in section 3. Let x1 be a k(E) point. We may assume, that x0 = ι1 ◦ x0 for some x0 as in the following
commutative diagram.
k(E)
ι1 //
x1

L(E)
x0
""❋
❋❋
❋❋
❋❋
❋
k(E)
[q]∗
OO
ι1 // L(E)
[q]∗
OO
ι // k(E)
.
Any γ = γ′σ˜ ∈ Gk(E) with γ′ ∈ GL(E), σ˜ ∈ G˜L/k acts on x1 by
γ.x1 = γ
′ ◦ σ˜x0 ◦ ι1 = γ′.x1.
Finally, γ′.x1 can be computed as in proposition 4.1. Summarizing this we conclude the following proposition.
Proposition 5.1. The pull-back of T to the generic point corresponds to the element in H1(k(E),M) given
by the cocycle
Gk(E) →M : γ 7→
[
γ′(αQ)
αQ
]
ρ
P −
[
γ′(αP )
αP
]
ρ
Q,
where γ = γ′σ˜ as above, for some σ˜ ∈ G˜L/k and γ′ ∈ GL(E), αP , αQ ∈ k(E) so that αqP = tP and αqQ = tQ.
As in the previous section, we describe the map ǫ explicitly.
Proposition 5.2. On the level of cocycles ǫ coincides with the map that assigns to a 1-cocycle f : Gk →M
the 2-cocycle
ǫ(f) : Gk(E) ×Gk(E) → k(E)
×
(γ, τ) 7→ e
(
f(γ), γ
([
τ ′(αQ)
αQ
]
ρ
P −
[
τ ′(αP )
αP
]
ρ
Q
))
,
for γ, τ ∈ Gk(E), τ = τ ′σ˜ for some σ ∈ G˜L/k and τ ′ ∈ Gk(E).
5.1. [L : k] is coprime to q. Suppose throughout this section that q does not divide the order [L : k]. Let T
be the torsor given by multiplication by d on E. Consider the pull-back η∗L(T ) of T to L(E) and the pull-back
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η∗k(T ) of T to k(E). By proposition 4.1 and proposition 5.1 we see immediately that res (η∗k(T )) = η∗L(T ).
By [NSW08, Ch. 1, Proposition 1.5.3 (iii) and (iv)] and the construction of ǫ the following diagram commutes
H1(k,M)
res //
ǫk

H1(L,M)
cor //
ǫL

H1(k,M)
ǫk

qBr(E)
res //
qBr(E ⊗ L) cor // qBr(E)
.
Therefore, the corestriction map
cor : qBr(E ⊗ L)→ qBr(E)
is surjective and every element in I can be written as cor(A) with A ∈ qBr(E). We summarize this observation
in the following theorem.
Theorem 5.3. Let tP , tQ ∈ L(E) with divisors div(tP ) = q(Q)− q(0) and div(tQ) = q(Q)− q(0). Then the
q-torsion of Br(E) decomposes as
qBr(E) = qBr(k)⊕ I
and every element in I can be represented as a tensor product
cor (a, tP )q,L(E) ⊗ cor (b, tQ)q,L(E)
with a, b ∈ L×.
Remark 5.4. The corestriction map is in general not injective. To get a smaller set of generators remark
that by [NSW08, Ch, 1, Corollary 1.5.7] the image of the restriction map H1(k,M)→ H1(L,M) coincides
with the image of the norm map
NL/k : H
1(L,M)→ H1(L,M).
Now by Kummer theory H1(L,M) ∼= L×/(L×)q × L×/(L×)q via the isomorphism φ. Let g ∈ Gk and
(a, b) ∈ L×/(L×)q ×L×/(L×)q. Suppose that g−1(P ) = c1P ⊕ c2Q and g−1(Q) = c3P ⊕ c4Q. The action of
g compatible with φ is
g.(a, b) =φ−1g.φ(a, b)
=
((
g−1(a)
)c1 (
g−1(b)
)c3
,
(
g−1(a)
)c2 (
g−1(b)
)c4)
.
Now the image of the restriction followed by φ coincides with the image of the norm on L×/(L×)q×L×/(L×)q
under the above action.
To calculate the relations consider the following commutative diagram
E(k)/[q]E(k)
res //
δk

E(L)/[q]E(L)
cor //
δL

E(k)/[q]E(k)
δk

H1(k,M)
res // H1(L,M)
cor // H1(k,M)
,
where the horizontal compositions coincide with multiplication by [L : k], which is an isomorphism. Thus,
the image of δk is also given by the image of the composition δk ◦ cor = cor ◦δL. Using the description of the
image of δL in the previous section we deduce the following result.
Proposition 5.5. Suppose that [L : k] is not divisible by q. Fix two generators P and Q of M and
and let tP , tQ ∈ L(E) with div(tP ) = q(P ) − q(0) and div(tQ) = q(Q) − q(0). Assume additionally that
tP ◦ [q], tQ ◦ [q] ∈ (L(E)×)d . An element
cor(a, tP )L(E) ⊗ cor(b, tQ)L(E)
in I is trivial if it is similar to one of the following
• cor (tQ(P ), tP )k(E) ⊗ cor
(
tP (P⊕Q)
tP (Q)
, tQ
)
k(E)
,
• cor
(
tQ(P⊕Q)
tQ(P )
, tP
)
k(E)
⊗ cor (tP (Q), tQ)k(E) , or
• cor (tQ(R), tP )k(E) ⊗ cor (tP (R), tQ)k(E) for some R ∈ E(k) \ {0, P,Q}.
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The following observation will be useful to calculate these corestrictions explicitly. Consider the following
commutative diagram
(7) E(k) //
δk

E(L) //
δL

E(k) //
δk

E(L) //
δL

E(k)
δk

H1(k,M)
res //
ǫk

H1(L,M)
cor //
ǫL

H1(k,M)
res //
ǫk

H1(L,M)
cor //
ǫL

H1(k,M)
ǫk

qBrE // qBrEL // qBrE // qBrEL // qBrE
,
where the rows compose to multiplication by [L : k]2, which is an isomorphism. Furthermore, the composition
res ◦ cor coincides with the norm map [NSW08, Ch. 1, Corollary 1.5.7]. Therefore, an element in I is trivial
if it lies in the image of the composition cor ◦ǫL ◦NL/k ◦ δL ◦ res. In section 6.2, we see how this observation
can be applied to the calculation of the relations in I.
5.2. [L : k] equals q. Suppose for this section that L is of degree q over k. After renaming P and Q we may
assume without loss of generality that there is some σ ∈ Gk such that σ(Q) = P⊕Q and σ generates Gk/GL.
Fix a coset representative σ˜ of σ in Gk(E). Additionally denote a primitive element for the extension L/k
by l. Consider the diagram
0 // H1 (Gk/GL,M)
inf // H1(k,M)
res //
ǫk

H1(L,M)Gk/GL
ǫL

qBr(E)
res //
qBr(E ×k SpecL)
,
where the first row is the inflation-restriction exact sequence. The diagram commutes by construction of ǫ
and since the restriction map and the cup-product commute [NSW08, Ch. 1 Proposition 1.5.3 (iii)]. We
will first describe the image of the inflation map and explore the restriction afterwards. We will apply the
following technical lemma throughout.
Lemma 5.6.
∑q−1
i=0 σ
i(R) = 0 for every R ∈M .
Proof. Let R = mP ⊕ nQ ∈M . We calculate directly that
q−1∑
i=0
σi(mP ⊕ nQ) =
q−1∑
i=0
(mP ⊕ inP ⊕ nQ) = mqP ⊕ q(q − 1)
2
nP ⊕ nqQ = 0.

Lemma 5.7. The group H1 (Gk/GL,M) is cyclic of rank q with generator the class of the cocycle fL defined
by fL(σ) = Q.
Proof. Lemma 5.6 implies that fL(σ
q) =
∑q−1
i=0 σ
ifL(σ) = 0 and thus fL defines a cocycle. Since Gk/GL
is cyclic with generator σ, every element f in H1(Gk, GL,M) is determined by f(σ). Furthermore, if
f(σ) = mP ⊕ nQ, then
f(σ)− σ(mP ) = mP ⊕ nQ⊖mP = nQ = fnL(σ).
The statement follows. 
Let αQ ∈ k(E) with αqQ = tQ and consider nQ =
∏q−1
i=0 σ˜
i (αQ). Fix γ ∈ GL(E). By our previous
calculations and with x0 and gQ as in the proof of proposition 5.1 we deduce that there is some R ∈M such
that γ(αQ) = R.x0(gQ). Then by lemma 5.6
γ
(
q−1∏
i=0
σ˜i (αQ)
)
=
(
p−1∑
i=0
σi(R)
)
.x0(gQ) = αQ.(8)
Now
∏q−1
i=0 σ˜
i (αQ) is obviously fixed by σ˜ and therefore
∏q−1
i=0 σ˜
i (αQ) ∈ k(E). Thus nQ is defined to be the
element in k(E) with nqQ = NL(E)/k(E)(tQ). Note additionally that div nQ =
∑q−1
i=0
(
σi(Q)− (0)).
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Proposition 5.8. ǫk (inf (fL)) is the inverse of the Brauer class of the symbol algebra (l
q, nQ)q,k(E) , where
αQ ∈ k(E) with αqQ = tQ.
Proof. Let γ, τ ∈ Gk(E) and denote γ = γ′σ˜i, τ = τ ′σ˜j with γ′, τ ′ ∈ GL(E). Then by definition of ǫ we see
that
ǫk (inf (fL)) (γ, τ) = e
(
(i − 1)i
2
P ⊕ iQ, σi
([
τ ′ (αQ)
αQ
]
ρ
P −
[
τ ′ (αP )
αP
]
ρ
Q
))
=
(
τ ′ (αP )
αP
)− (i−1)i2 (τ ′(αQ)
αQ
)−i (
τ ′ (αP )
αP
)i2
=
(
τ ′ (αP )
αP
) (i+1)i
2
(
τ ′(αQ)
αQ
)−i
Now consider the map
(9) g : Gk(E) → k(E)
×
: γ 7→ γ′
(
i−1∏
n=0
σ˜n(αQ)
)
,
where γ = γ′σ˜i for some γ′ ∈ GL(E). The differential of g is
dg(γ, τ) =


∏i−1
n=0 σ˜
n(αQ)
σ˜iτ ′σ˜−i(
∏i−1
n=0 σ˜
n(αQ))
if i+ j < q(∏q−1
n=0 σ˜
n(αQ)
)(
αP
τ ′(αP )
)− (i+1)i2 ( αQ
τ ′(αQ)
)i
else
.
The statement follows by subtracting this trivial cocycle and applying proposition 3.1. 
Proposition 5.9. ǫ induces a split to sequence (1).
Proof. It suffices to show that r ◦ ǫ ◦ inf(fL) = λ ◦ inf(fL). By the previous lemma, ǫ(inf(fL)) gives
(γ′σi, τ ′σj) 7→


1
i+ j < q∑q−1
i=0 (σ(Q)− (0)) i + j ≥ q
in H2(Gk,Prin(E)), where γ
′, τ ′ ∈ Gk. On the other hand, r(inf(fL)) can be presented by the cocycle
γ′σi 7→
i∑
m=0
σm(Q)− 0.
This lifts to the map
γ′σi 7→
i∑
m=0
(σm(Q))− (0) ∈ Div0(E),
and a direct computation of the boundary map gives
(γ′σi, τ ′σj) 7→


σi
(∑j
m=0 (σ
m(Q))− (0)
)
−
(∑i+j
m=0 (σ
m(Q))− (0)
)
+
(∑i
m=0 (σ
m(Q))− (0)
)
i+ j < q
σi
(∑j
m=0 (σ
m(Q))− (0)
)
−
(∑i+j−q
m=0 (σ
m(Q))− (0)
)
+
(∑i
m=0 (σ
m(Q))− (0)
)
i+ j ≥ q
=
{
1 i+ j < q(∑q−1
m=0 (σ
m(Q))− (0)
)
i+ j ≥ q ,
which coincides with the previous calculation. 
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We now calculate the image of the composition φ−1 ◦ res with φ as in eq. (6). By [Ser79, Chapter VII,
Section 5] the action of Gk on L
×/(L×)q × L×/(L×)q compatible with φ is given by
σ.(a, b) = φ−1σ.φ(a, b) =
(
σ−1(a)
σ−1(b)
, σ−1(b)
)
.
Lemma 5.10. Under the isomorphism φ−1 the fixed set H1(L,M)Gk/GL corresponds to{(
a,
a
σ(a)
)
: σ(a)2 ≡ σ2(a)a mod (L×)q
}
.
Proof. Let (a, b) ∈ L×/(L×)q × L×/(L×)q be fixed by the above action. Then a ≡ σ−1(a)σ−1(b) , which implies
that b ≡ aσ(a) . Now b ≡ σ−1(b) and thus aσ(a) ≡ σ
−1(a)
a which implies that a
2 ≡ σ(a)σ−1(a) or equivalently
σ(a)2 ≡ σ2(a)a. 
Lemma 5.11. f ∈ H1 (L,M)Gk/GL is in the image of the restriction map if and only if f(γq) = 0 for any
γ ∈ Gk.
Proof. Let γ ∈ Gk and suppose that f is in the image of the restriction map with preimage g. Then we can
write γ = γ′σi for some γ′ ∈ GL. We calculate directly using lemma 5.6 that
f(γq) = g(γq) =
q−1∑
i=0
γqg(γ) =
q−1∑
i=0
σiqg(γ) =
q−1∑
i=0
σig(γ) = 0.
For the converse assume that f satisfies the condition that f(γq) = 0 for any γ ∈ Gk. In particular
f(σq) = 0. Define g ∈ H1(k,M) by setting g(γ) = f(γ′), where γ = γ′σi for γ′ ∈ GL. This is well-defined
as for any γ, τ ∈ Gk with γ = γ′σi, τ = τ ′σj and γ′, τ ′ ∈ GL we have that g (γτ) = g
(
γ′
(
σiτ ′σ−i
)
σi+j
)
=
g (γ′) g
(
σiτ ′σ−i
)
= g (γ′)σig(τ ′) = g (γ) γg(τ). 
We will now prove a technical lemma that will be useful to determine the image of the restriction.
Lemma 5.12. Let k be a field of characteristic prime to q containing a primitive q-th root of unity. Let
k ⊂ L ⊂ F be a tower of field extensions so that each extension is Galois of degree q. Let a ∈ L× such that
F = L ( q
√
a). Fix a representative σ ∈ Gk that generates Gal(L/k). Suppose that for every γ ∈ Gk we have
that γq
(
q
√
σi(a)
)
= q
√
σi(a) for 0 ≤ i < q. Then there exists some b ∈ k× such that a ≡ b mod (L×)q.
Proof. Assume that a 6∈ k×. Fix σ ∈ Gk such that σ generates Gal(L/k). Denote the Galois closure of the
extension F over k by L˜. By Galois theory L˜ = L
(
q
√
a, q
√
σ(a), . . . , q
√
σq−1(a)
)
and Gal(L˜/L) is isomorphic
to (Z/qZ)
r
for r = 1, or r = q. We prove the lemma by contradiction. Assume that r = q. Let τ ∈ Gal(L˜/L)
be the element with τ ( q
√
a) = ρ q
√
a and τ
(
σi q
√
a
)
= σi q
√
a for 1 ≤ i < q. Now (στ) ( q√a) = (ρσq) ( q√a) =
ρ ( q
√
a), which is a contradiction to our assumptions. We conclude that F/k is Galois of degree q2. We want
to show that Gal(F/k) = Z/qZ × Z/qZ. Next suppose that Gal(F/k) = Z/q2Z and denote the generator
by τ . Then τq fixes L, as τq( q
√
a) = q
√
a implies that τq(a) = a and L = k(a). Hence τ ∈ Gal(F/L), which
implies that τ is of order q, a contradiction. We conclude that Gal(F/k) ∼= Z/qZ×Z/qZ. Consider the fixed
field F 〈σ〉, which is a degree q extension of k. By Kummer theory, there exists an element b ∈ k× so that
F 〈σ〉 = k
(
q
√
b
)
. Finally, F = L
(
q
√
b
)
= L ( q
√
a) and thus by Kummer theory a ≡ b mod (L×)q. 
Proposition 5.13. The image of the restriction map corresponds to the set
k×/
(
(L×)q ∩ k×)× {1} ⊂ L×/(L×)q × L×/(L×)q
under the isomorphism φ−1.
Proof. Let (a, b) ∈ L×/(L×)q × L×/(L×)q be in the image of the restriction map. There exists some
f ∈ H1(k,M) so that φ−1 ◦ res(f) = (a, b). Then (a, b) is necessarily in the preimage φ−1 (H1(L,M)Gk/GL)
and by lemma 5.10 we see that (a, b) ≡
(
a, aσ(a)
)
so that σ(a)2 ≡ σ2(a)a mod (L×)q. It remains to show
that we can choose a ∈ k×.
By definition of φ and by lemma 5.11 we get that γq ( q
√
a) = q
√
a and γq
(
q
√
a
σ(a)
)
= q
√
a
σ(a) for any γ ∈ Gk
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and for any choice of root. Using the condition that σ(a)2 ≡ σ2(a)a, we deduce that γp
(
q
√
σia
)
=
q
√
σia for
any i. The statement follows from lemma 5.12. 
The following theorem summarizes the results of this section.
Theorem 5.14. Suppose that [Gk : GL] is of order q and assume that there is some σ ∈ Gk with σ(Q) =
P ⊕Q such that σ generates Gk/GL. Additionally denote a primitive element for the extension L/k by l.
qBr(E) = qBr(k)⊕ I
and I has generators
{
(lq, nQ)k(E) , (a, tP )k(E) : a ∈ k×
}
, where nQ ∈ k(E) with nqQ = NL(E)/k(E)(tQ).
For the relations consider the commutative diagram with exact rows and columns
0

0

0 // E(k)∩[q]E(L)[q]E(k)
inf //
δL/k

E(k)/[q]E(k)
res //
δk

E(L)/[q]E(L)
δL

0 // H1(Gal(L/k),M)
inf // H1(k,M)
res // H1(L,M)
,
where δL/k is the map induced by δk. It is immediate that δL/k is injective. Recall that H
1 (Gal(L/k),M) is
cyclic of order q with generator fL. Furthermore, we saw that ǫL (inf(fL)) = (l
q, nQ)k(E) (proposition 5.8).
We deduce the following results.
(1) The Brauer class of (lq, nQ)k(E) is trivial, that is it is in the image of the map Br(k) → Br(E), if
and only if the quotient E(k)∩[q]E(L)[q]E(k) is non-trivial.
(2) The Brauer class of (a, tP )k(E) is trivial if and only if there is some R ∈ E(k)/[q]E(k) so that
φ−1(a, 1) = δL(R).
5.3. q divides the degree [L : k]. Suppose for this section that q divides [L : k]. Let k ⊂ L′ ⊂ L
be an intermediate field so that L/L′ is a Galois extension of degree q and q does not divide the de-
gree L′/k. After renaming P and Q we may assume that there is some generator σ of Gal(L/L′) so that
σ(P ) = P and σ(Q) = P ⊕Q. Furthermore, let l ∈ L with lq ∈ L′ and L = L′(l). Fix tP , tQ ∈ L(E) with
div(tP ) = q(P ) − q(0) and div(tQ) = q(Q) − q(0). Assume additionally that tP ◦ [q], tQ ◦ [q] ∈ (L(E)×)d .
Furthermore, let αQ ∈ k(E) so that αqQ = tQ.
Although the field extension L′/k might not be Galois, restriction followed by corestriction coincides with
multiplication by [L′ : k], which is an isomorphism. Using the previous section we deduce the following
result.
Proposition 5.15. Under the above assumptions, the Brauer group decomposes as
qBr(E) = qBr(k)⊕ I
and every element in I can be expressed using the generators{
cor (lq, nQ)L′(E) , cor(a, tP )L′(E) : a ∈ L′×
}
.
Suppose that q divides [L : k] and use the notation used in section 5.3. Recall that every element in I can
be written as cor(A) for some A ∈ qBr(E × Spec(L′)). Such an element is trivial if and only if it is similar
to ǫL′ ◦ δL′ . Remark that some corestrictions of element in qBr(EL) may coincide and we do not account for
this in our description.
6. Examples
In this section, we calculate the q-torsion of the Brauer group for some elliptic curves E, where q is an
odd prime. For computational reasons, we only consider the case q = 3. As before, we will consider various
cases depending on the extension L, that is the smallest Galois extension of k, so that M is L-rational.
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6.1. M is k-rational over a number field. Let k = Q(ω) ⊂ C, where ω is a primitive third root of
unity. In [Pal10] the author describes a family of elliptic curves such that M is Q(ω)-rational, for example
E given by the affine equation y2 = x3 + 16. In this case, the three torsion of E is generated by P = (0, 4)
and Q = (−4, 8ω + 4) = (−4, 4√3i). Furthermore, the tangent lines at P and Q, respectively, are given by
tP = y − 4 and
tQ = y − 6
2ω + 1
(x + 4)− 8ω − 4 = y − 4
√
3ix− 20
√
3i.
By the previous discussion 3Br(E) = 3Br(k)⊕ I and every element in I can be written as a tensor product
(10) (a, y − 4)3,k(E) ⊗
(
b, y − 4
√
3ix− 20
√
3i
)
3,k(E)
for some a, b ∈ k×. We calculate with magma, that E(k) = M and therefore also E(k)/3E(k) = M . Using
the algorithm we see that a tensor product as in eq. (10) is trivial if and only if it is similar to an element
in the subgroup generated by (
4− 20
√
3i, tP
)
3,k(E)
and (
6
19
− 8
19
√
3i, tP
)
3,k(E)
⊗
(
4
√
3i− 4, tQ
)
3,k(E)
.
6.2. Degree L/k coprime to q for k a number field. Let k = Q(ω) and E the elliptic curve given by
the affine equation
y2 = x3 +B,
where B ≡ 2 mod (Q×)3 and B 6≡ 1,−3 mod (Q×)2. By [BP12, Theorem 3.2 and Corollary 3.3] we see
that L = k(
√
B). Let σ be given by σ(
√
B) = −√B. The three torsion of E has generators P and Q with
P = (0,
√
B) and Q =
(
3
√−4B,√−3B) . Then σ(P ) = 2P and σ(Q) = 2Q. We need to calculate
corL(E)/k(E)
(
(a, tP )3,L(E) ⊗ (b, tQ)3,L(E)
)
.
Recall that by remark 5.4 it will be enough to consider (a, b) a norm in L×/(L×)3 × L×/(L×)3. For
(a, b) ∈ L×/(L×)3 × L×/(L×)3 we have NL/k(a, b) =
(
a
σ(a) ,
b
σ(b)
)
, or equivalently we may assume that
NL/k(a) = 1 and NL/k(b) = 1 and a, b ∈ L× \ k×. Note that
tP = y −
√
B
and
tQ = y − 3
3
√−4B
2
√−3Bx− 3
√−3B.
Furthermore,
√−3 ∈ k as ω ∈ k and 3
√
16B2 ∈ k× since B ≡ 2 mod (Q×)3.
Let a = a1
√
B + a2 with a1 6= 0 and NL/k(a) = 1. We use the algorithm given in [RT83, Section 3] to
calculate the corestriction explicitly as
cor(a, tP )3,L(E) =
(
a2 − a1y, a21
)
3,k(E)
.
Finally, let b = b1
√
B + b2 with b1 6= 0 and NL/k(b) = 1. Then
cor(b, tQ)3,L(E) =
(
yb1√
3i (x+ 1)
+ b2, 1− b22 −
b21(x
3 +B)
3(x+ 1)2
)
3,k(E)
.
Overall, the three torsion of the Brauer group decomposes as
3Br(E) = 3Br(k)⊕ I
and every element in I can be written as a tensor product(
a2 − a1y, a21
)
3,k(E)
⊗
(
yb1√
3i (x+ 1)
+ b2, 1− b22 −
b21(x
3 +B)
3(x+ 1)2
)
3,k(E)
for some a1, a2, b1, b2 ∈ k× with a1, b1 6= 0, and a22 −Ba21 = b22 −Bb21 = 1.
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To calculate the relations we need to specify B. Consider the case B = −1024. Using magma we calculate
that E(k) = 0. Thus there are no additional relations. Note that some elements might still become trivial
due to the fact that the corestriction map is not surjective.
6.3. Degree L/k = q for k a number field. Let k = Q(ω), ω = − 12 + i
√
3
2 and let E be the elliptic curve
given by the affine equation
y2 = x3 + 4.
Generators of the three torsion are given by P = (0, 2) and Q = (−2 3√2, 2i√3). Let l = 3√2. In our previous
notation L = k
(
3
√
2
)
and the Galois group Gal(L/k) is generated by σ with σ(Q) = P+Q = (−ω2 3√2, 2i√3).
It can be seen that
tP = y − 2
tQ = y + i
√
3
3
√
4x+ 2i
√
3
nQ = y − 2
√
3i)3.
Therefore the 3-torsion of Br(E) is
3Br(E) = 3Br(k)⊕ I
and every element in I can be written as a tensor product of the symbol algebras(
2, y − 2
√
3i
)
3,k(E)
and (a, y − 2)3,k(E)
for some a ∈ k×. We calculate that E(k) = 〈P 〉 and E(L) ∼= Z/6Z×Z/6Z. Therefore E(k)/3E(k) = 〈P 〉 and
E(L)/3E(L) = M and the quotient E(k)∩[3]E(L)[3]E(k) is trivial. Therefore the symbol algebra
(
2, y − 2√3i)
k(E)
is not trivial. Finally, ǫ ◦ δ ◦ res(P ) = (2 + i√3, y − 2)
L(E)
and therefore a symbol algebra (a, y − 2)k(E) is
trivial if and only if it is similar to one of the following{
(1, 1)3,k(E),
(
2 + i
√
3, y − 2
)
3,k(E)
,
(
−8 + 8i
√
3, y − 2
)
3,k(E)
}
.
6.4. Over a local field. Denote by Q7 the 7-adic numbers. Note that since three divides 7 − 1, the field
Q7 contains a primitive third root of unity ω. Let E be the elliptic curve
E : y2 = x3 + 16
over k. Consider the reduction E˜ of E modulo 7. Then E˜ is a non-singular curve and using magma we see
that
E˜ (F7) = Z/3Z⊕ Z/3Z = {0, (0, 3), (0, 4), (3, 1), (3, 6), (5, 1), (5, 6), (6, 1), (6, 6)} .
Denote by Eˆ the formal group associated to E and consider the group Eˆ (7Z7). By [Sil09, IV Theorem 6.4]
there is an isomorphism Eˆ (7Z7) → Gˆa (7Z7), where Ga denotes the additive group. By [Sil09, IV.3 and
VII.2] there is an exact sequence
0 // Gˆa (7Z7) // E(Q7) // E˜ (F7) // 0 .
Furthermore, by [Sil09, VII.3 Proposition 3.1] the reduction map 3E(Q7)→ E˜ (F7) is injective. Thus E has
k-rational 3-torsion. Since 3 is a unit in Z7, we further deduce that E(Q7)/[3]E(Q7) = E˜(F)/[3]E˜(F) = M.
Finally,
Q×7 /
(
Q×7
)3 ∼= (Z×7 × (7Z7)) / (Z×7 × (7Z7))3 ∼= Z/3Z× Z/3Z.
Therefore, H1(k,M) ∼=
(
Q×7 /
(
Q×7
)3)2 ∼= (Z/3Z)4. By the algorithm and using [Gro68, Corollaire 2.3], the
three torsion of the Brauer group decomposes as follows
3Br(E)
∼= 3Br (Q7)⊕ (Z/3Z)2 = 3(Q/Z)⊕ (Z/3Z)2 = (Z/3Z)3 .
Remark 6.1. The above computations also show that
3
Br
(
E˜
)
= 3Br (F7) = 0.
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